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I I >  n U ' T U a C T  F T11e o?~jec~;l?,e of t!?is p a ? e ~  i s  t o  deve1o;l a. genera l  and m e a . n i n ~ W  t h e o ~ ~ ~  of 
U nl;.,~pai;ive -.-,: p e r i o j i c  cystens, For ordinary periociic &ifferentj.al equations one / stui t ics  t i e  i t e r a t e s  of a nq T of a s t a t e  space i n t o  i t s e l f  +here t h e  I*? T i s  
j: t cpolo: ; ic~1 :!nd -t,hr ::],act is local l )-  cotpact  (ii-ZA2ensional Euclidean sp::,ce). Hovreve ( f'rr :Tz ipp l . i c r t i rns  !;!r ; r i i i ~ ~ r s  h s e  i n  iu?i, t h e  sol;+.irns i r l i  be .miq'~.e 0?1l; i n  
orwitrd 6 i r e c t i o n  0.C t h e  a d  t h e  s t a t e  spaces a r e  no t  l o c a l l y  coinpact. Because 
oT tlids gcni-roli:i:~i;icu! , : I '  ;!le r e - i ~ i t s  fo r  or:?'r~~snr d i f f e r e n t i a l  cqaxtions i s  'uy 30 
1 rncans trtvia.3, 
!! 
j, "-.- . a. -,-.,:.; i' --.r-. C , , '  . I ; . .  .:.>. - ~D , , ,,Live ::c?.ir*l-i.!: processes on Emach spacc; &re rievele?ed 
! 51i Sect ions 2 a ~ d .  3 i,i' 1 . 1 , ~  Jispcr. 110~4 t h i s  %p];l'ies t o  re ta rded  fvllctionnl diri'i'erenti 1 cquiu--l;lolic of l.etur;:.:~i i.si-o .i fiiccur;sr.d i n  t h c  f c u r t h  scct ion,  Rro surf iciexl ;  con- / d i . t i m s  f o r  dissip:-.ilu:-~,~i:: erp given in terms of Linp~mov functions. 'They formalize 
1 '!!hi? i n t u i t i v e  nc t ion  -iii:>,l, n-ly sy:;tems f o r  iargi. dis:>l.acements di:::ipate e n e r u .  
of thi:: t.hc ~< . i~cr .k~ l i ; , :~ i . lo~ i  o r  L I I P  rc::ult!; f o r  o?~ i in .? ry  dif';'crc.iiLini rc1u:i- 
t ioi is  i s  by no mciins t r i v i a l .  
The bas ic  Llit-oi,y of dissipcdiivc periodic  pltuci,:,r; nil Ban:~?li :<p,.ces 
i s  developed i n  Section:: 2 and 3. Hob! t h i s  app l ies  t o  rete.?.ded fnuc t ions l  
d i f f e r e n t i n l  eq~ia t ions  of rctrndcci type i s  discusseci i n  S e c t i o l ~  4. TNO 
s u f f i c i e n t  condit ions f o r  dissj.pativciiess a r e  given i n t e r n ~ s  of Liapui~ov 
functioils. They fo r~na l ize  t h e  i n t u i t i v e  not ion t h a t  many systems 'or l a rge  
displacements d i s s i p a t e  energy. How these  r e s u l t s  can be applied i s  il- 
l u s t r a t e ?  a t  the  end of Section 4. 
Let H dtnole t h e  rctil nwnbers, 8' t h e  nonncyotivc rea l s ,  and 
l e t  X be ,l 11 $11 icli space with noi in / I s / / .  Cons~dcr a niap&>ink; u: R x X x 
R+ 4 X and dcrine ( t , ? ) :  X 4 X for  each t E R and each T E R+ by 
In te rpre t  ( t , ? ) x  a s  t h e  s t a t e  of t h e  syatem a t  time t+? i f  i n i t i a l l y  
t h e  s t a t e  of t h e  system a t  time t was x. A process on a Banach space 
X i s  a ma2ping u: R x X X R+ -+ X with t h e  following properties: 
2.1. u i s  continuous 
2.2. ( t ,0 )x  = x 
2.3. ( t c o , ~ ) ( t , a )  = ( t , a + ~ ) .  
Thus a process here i s  esse i l t i a l ly  what was called i n  [2]  a "generalized 
nonautonoaous d-ynamical system" and d i f f e r s  by t h e  continuity condition 
on u from what was cal led a process i n  [3] .  
A process i s  said t o  be periodic of period ru > 0 i f  (t*,?) = 
( t , ~ )  f o r  a l l  't c R anli a l l  't E R+. For any fixed t E R there i s  then 
associate:! with i~ periodic process a continuous mapping T: X -t X defined 
by 
With T~ the  nth i t sc ra te  of T it follows froni (2.3) t h a t  l'"(x) = 
( t , w ) x  and t h e  sequence pn(x),  n = 0,1,2.. . i s  c;llled the (pos i t ive)  
motion or  orbit through x. Since for  a pel iotlic process ( t ,  T + ~ J \  = 
( t , ~ ) ( t , L d ,  we see t h a t  the  fixed points  of yk correspond t o  periodic 
motions of t h e  periodic process. 
Thus motivated wc w i l l  now spend the  r e s t  of t h i s  sect ion study- 
ing  t h e  d i sc re te  dynm~ica l  system defined by an a r b i t r a r y  continuous mapping 
T: X + X  where X i s  a Banacb space. We se lec t  a Banach space because we 
use t h e  Schauder fixed point  theorem and t h e  property t h a t  t h e  closed convex 
h u l l  of a compact s e t  i s  cmpact  f o r  Corollary 3.1, which i s  the  pr inc ipa l  
resu l t .  A point y i s  said t o  be a l imi t  point of t h e  motion T"(x) i f  
there  e x i s t s  a subsequence nk of in tegers  such t h a t  n -tn and Tnk(x) -+ y k 
a s  k -t -. The l i m i t  s e t  L(x) i s  t h e  s e t  of a l l  l i m i t  points  of ~ " ( x ) .  
Note t h a t  
where ' C1 i s  closure, 
A s e t  M C X i s  said t o  be posi t ively invariant  1f  T ( M \  C M 
and negatively invariant  i f  M C T(M). It i s  said t o  be invariant  1: 
T(M) = i .e.,  i f  it i s  both pos i t ive ly  and negatively invariant. Iicga- 
t i v e  invariance and the  axiom of choice impiies t h e  existence on M of a 
r,ph;?nvcr;r ?,-I t o  T. Hence w e  hdve $ drfincd f c  11 Integers a 
\when n 1s  nrtgatiue 1' = (T- ' ) -~)  witn t h e  plopertp &.L+~ ~ ' - j  T .T-J 
fo r  a l l  nonnct ~ L l v t  ln tcgcrs  k and J. Ttrus nct.li.1~- - ,- Lances jLlilplles 
the  existence of an ertenslon over a i l  integers of cac l~  -J-.k;%lve motion through 
a ~ o l n t  of M and t h e  negatlve extension 1s contaaned xr' Ez Although t h e  
following lemma Is essen t l%l ly  contained i n  [l], [3j, and [3], t h e  proof 
for  the  case of a l s c r e i e  eotlons i s  especial ly slm>le an6 IS mcluded, 
Essen t ia l ly  t h e  swoe prprool' a l s o  y ie lds  t h e  generalization given i n  Lemma 
3,clnrna 2.1. I f  t h r  motion ~ " ( x ) ,  n x O,l,.?,. . . i s  prc-coniplct , tllr 11 t he  
l i i n i t  s e t  L(x\ i s  noncinpty, canpact and invarialit,  
Proof: ~ ( x )  i s  t h e  i!~terscction of a descendine sequeuce of nor~fll~lhy coil- 
- ';' 
pact s e t s  and i s  the~efo i -e  nonenipty ond con~pact. The continuity of T i r n -  
p l i e s  ~ ( x )  is pos i t ive ly  invariant. Let y E L(x). Then there  e x i s t s  
R .  
a sequence of in tegers  n .  3 such t h a t  n .  J -t m and T J (x)  + y a s  j -+ -. 
We c m  by the  pr,reco?pact~lass assunpzio!? s e l e c t  a subseqnence, which we s t i l l  
n,-1 
l a b e l  n. ,  such t h t t  T * (x) ;. z as k -+m. Noi,, z E L(x), and T(z) = 
n .J 
l i m  T '(x1 = y by t h e  continuity of T. Hence L(x) C T(L(x)) which 
j - t m  
completes t h e  proof. Taking ~ - 4 ~ )  = z gives a r i g h t  inirerse of T on 
L(x) .  
. - 
For most applicat ions other than ordinary d i f f e r e n t i a l  equations 
t h e  s t a t e  space X i s  not l o c a l l y  compact and there  i s  t h e  p r a c t i c a l  d i f f i -  
cu l ty  of determining compctness. For many processes T srcooths the  i n i t i a l  
da ta  and witin s d t a b l e  to2ologies f o r  t h e  s t a t e  spaces boundedness of t h e  
motion implies t h a t  t h e  notion i s  precompact (see, f o r  example, [ l ] ) .  i n t ~ l i -  
Lively one expects from eaergy considerations t h a t  r e a l  processes w i l l  be ' 
diss ipa t ive  f o r  large displacements and the  notion of dissipat iveness i s  
na tura l ly  associated with boundedness. With applicat ions i n  mind we develop 
a theory of d i ss ipa t ive  processes based on boWi3edness and r e q u i ~ e  a smooth- 
ing  property stronger than t h a t  mentioned above. 
Def in i t ion  2.1. T i s  s3i.l t o  smooth i f  there  4s a no~aege t ive  integer 
zo :ti:,: i ' ~ ,  CLIC.!: boi~nlt?; s?- t  ': i:i X t!~c:.i' i s  kt c~unp(<ct s p t  B* i n  
X such t h a t  ~ ~ ' ( x )  E B f o r  n = 0 , 1 ,  ..., N impl i e s  ~ " ( x )  E B* fox- n = 
no,no+L ,..., N. 
For o rd ina ry  d i f f e r e n t i a l  equa t ions  every cont inuous  T smooths 
wi th  no = 0 and f o r  r e t a rded  f u n c t i o n a l  d i f f e r e n t i a l  equa t ions  T smooths 
wi th  nOLo > r, t h e  r e t a r d a t i o n .  I f  T c a r r i e d  boundecl s e t s  i n t o  bounded 
s e t s ,  t hen  Dcf in l t i on  2 .1  would imply t h a t  Tn i s  compact f o r  n P n 
0' 
Houever, even f o r  r e t a rded  f w ~ c t i o i l a l  d i f f e r e n t i h l  equa t ions  T may no t  have 
t h i s  p rope r ty  ( f o r  an example s e e  [i7]). 
D e f l n l t i o n  2.2. T i s  dissipative l f  ( 1 )  it smooths and (2) t h e r e  i s  a 
bounded s e t  E i n  X 7~1th t h e  p rope r ty  t h a t  a v e n  x E X t h e r e  i s  a 
p o s i t i v e  i n t e g e r  I\'(x) such t h a t  Tn(x) E B f o r  N(x) S n 5 N(x)+no. 
It i s  convenient t o  n o t e  f i r s t  t h e  fo l lowing  s m p l e  r e s u l t .  
Lema  2.2, If T i s  d i s s i p a t i v e ,  t h e n  t h e r e  i s  a c m p a c t  s e t  KO i n  X 
such t h a t  given x E X t h e r e  i s  a p o s i t i v e  i n t e g e r  n(x)  and an open 
ieighborhood 0,: of  x wi th  t h e  p r o p e r t y  t h a t  ~ ~ ( " ' ( 0 ~ )  C KO. 
Proof: We may al.h.ays assume t h a t  t h e  s e t  B i n  O e f i n i t i o n  2.2. i s  open, 
-
( D e f i n i t i o n  2-1)  . 
Taking E t o  be  open, we d e f i n e  KO = B*q Then by c o n t i n u i t y  o f  T t h e r e  
i s  an open neighborhood Ox of x such t h a t  Tn(ox) c E f o r  N(x) d 
n 5 N(x)+nn. Let  n ( r i  = N(x)+n.. Then ~ " ( ~ ' ( 0 ~ )  C B+ = \, which com- 
p l e t e s  t h e  proof ,  
We now sl~ow t l ~ n t  il' T i s  d i s s i p a t i v e ,  tI1r.n tl ie tli:ss(i.pntivencss 
i s  uniform on compact s e t s  i n  t h a t  t h c r e  i s  a conipuct s e t  K with t h e  
p rope r ty  t h a t  even tua l ly  t h e  motion o f  pacir canpact  s e t  i s  i l l  K. T h i i  r r -  
both  
s u l t  g e n e r a l i z e s  Theorems 2 . 1  and 2.2 o f  [U)] and he re  t h e  proofs  a r e  /i s lmplcr  ' 
and d i r ec t ,  I f  t h e  space i s  l o c a l l y  compact ( o r d i n a r y  d i f f e r e n t i a l  egua- 
t i ons ) ,  t h e n  eve ry  cont inuous  T smooths and T i s  d i s s i p a t i v e  i f  t heye  1 s  
a bounded s e t  B such t h a t  f o r  each x E X t h e r e  i s  an  N(x) such t l m t  
T ~ ( ~ ) ( X )  c B. I f  t h e  space i s  no t  l o c a l l y  compact, t h e  a s s u n ~ p t ~ o n  tha :  T 
smooths i s  needed and f o r  each x € X t h e  motion Tn(x\ must remaln I n  
B long  enough t o  smooth. 
Theorem 2.1. I f  T i s  d i s s i p a t i v e ,  t h e n  t h e r e  i s  a ca rpac t  s e t  K 11 
X wi th  t h e  p rope r ty  t h a t  given a compact s e t  H i n  X t h e r e  i s  a posl -  
t i v e  i n t e g e r  N(H) and an open neighborhood OH of H such t h a t  ~ ~ ( 0 ~ )  C K 
f o r  a l l  r, 2 N(H). 
proof: Let  KO be t h e  compact s e t  of Lemma 2.2 and l e t  H be any cornpact 
s e t  i n  X. Then f o r  each x E H t h e r e  i s  an n (x )  and an O x  such t h a t  
~ ~ ( " ( 0 ~ )  C KO. S e l e c t i n g  from t h i s  open cave r ing  o f  H a f i n i t e  cover- 
ing,  we see  t h a t  t h e r e  i s  an n(H) such t h a t  f o r  each O x  of t h e  finite 
cover ing t h e r e  i s  an i = i ( x )  such t h a t  1 C 1 S n ( ~ )  aad ?fox) C KO. 
Hence a l l  t h a t  we need do t o  prove t h e  theorem i s  t o  show t h a t  t h e r e  i: 3 
p o s i t i v e  i n t e g e r  N(Ko) and a compact s e t  K such t h a t  T ~ ( K ~ )  C K f o r  a l l  
n 3 N ( K ~ ) .  Let  x € KO and l e t  n be any p o s i t i v e  i n t e g e ~  g r e a t e r  t h a n  
o r  equal t o  n(Ko). There i s  t h e n  a l e a s t  l n t e g e r  j, 0 5 j 5 n such t h a t  
Tn-J ( x )  E KO and T ~ - ~  f KO f o r  0 5 1.. < J .  It fol lows by what rras shown 
a t  t h e  beginning o f  thf proof t h a t  0 5 J 5 n(Ko). Hence ~ " ( x )  i s  con- 
t a ined  i n  t h e  union K of KO, T ( K ~ ) , . . . , T ~ ( ~ o ) ( K ~ ) ,  which i s  compact and 
Thc pr inc ipa l  r e s u l t  i s  llow an h n e d i a t e  coxlsec;~.-ncc of Theorem 2.1 
which implies t h a t  every smooth, d i ss ipa t ive  periociir prccr.rs has a periodic 
solution. 
Corollary 2.1. I f  T i s  d i ss ipa t ive ,  then t h e r e  i s  an integer k such 
t h a t  'In has a fixed point f o r  each n 3 k. 
T i s  extrcmt.ly stoblt-, evr ly  solut ion approncbcs 1, a s  t -r w ( a l l  solu- 
t i o n s  have L as t h e i r  pos i t ive  l i m i t  se t ) ,  and thprefore T i s  cer- 
k 
t a i n l y  d i ss ipa t ive .  By Corollary 1 we have T x = x f o r  some pos i t ive  k 
and some x. Since T(x\-x = y n k ( ~ ( x ) )  - T ~ ~ ( x )  f o r  n = 1,2,, , . , 1% 
follows from (2) of nef in i t ion  2.5 t h a t  T(x) = x. Hence L = f x )  and 
t h e  proof i s  complete. 
I n  Section 3 we shav t h a t  t h e  fixed point  i s  glnbaily asymptotical.ly 
s t a b l e  (Theorem 3.2). 
Proofs Since i n  a Banach space t h e  closed convex h u l l  of a compact s e t  i s  
-
compact,we nay a s s m e  t h ~ t  t h e  K of Theorem 2 . 1 i s  compact and convex. 
Then T"(K) C K for  each n Z N(K) and by t h e  Schauder f ixee point  tneorfm 
each such T~ has a fixed point. 
There i s  a very spec ia l  c l a s s  of d i ss ipa t ive  systems where T 
has a unique fixed point. For a topological  map T and hence f o r  perio6ic 
ordinary d i f f e r e n t i a l  equations a r e s u l t  of t h i s  type bas given i n  [XI.] 
(Corollary 2). 
 or ordinary d i f f e r e n t i a l  equations see a l s o  [lo] and f o r  retarded 
func t iona l  d i f f e r e n t i a l  equations see [12].) 
Definition 2.3, T i s  said t o  be extremely s tab le  i f  (1 )  there  i s  a bounded 
- 
motion x ,~(x) , , . . ,~" (x) , . . .  and (2) l l ~ ~ ( x l  - T ~ ( ~ ) ~ I  -9 a s  n + m  for  
each x,y '6 X. 
Coroliary 2.2, I f  T is smooth and extremely stabie,  then :: has s (un i -  
que) fixed golnr qnd a l l  motions approach t h i s  fixed point a s  r -,a. 
Proof: Since 'i' sinooths, t h e  bounded notion i s  precmpact. Let L be 
i t s  l i l n i b  s c t ,  which by Lema 2 .1  i s  nonempty and co:apact. Since 
We w i : ~ t  now t o  show t l ? n t  i f  T i8 d i s s i p a t i v e  then the re  i s  a  
cornpact xnvariotll s e t  I t h a t  1 s  glol>cllly a s y ~ ~ i p t o t i c a l l y  s t ab le .  J u s t  
a s  In  [8] fo r  Y I ' C O I I ~  order  ordinary dlfrerer l t ia l .  cquatlons I w i l l  be t h e  
maximum compact s e t  i n v a l i a n t  under T. 
Let K be t h e  compact s e t  of Theorem 2.1. Define 
Of course, K  i s  not  unique, bu t  it i s  not d i f f i c u l t  t o  see t h a t  I does 
not depend upon K. Let K1 be any other  ccnpsct s e t  with t h e  same property 
(Theorem 2.1) t h a t  K has and l e t  I(K1 be t h e  s e t  defined i n  (3.1). 
Then for  a l l  n  s u f f i c i e n t l y  l a r g e  T"(K\ C Kl and T ~ ( ~ ~ )  C K. Hence 
I (%)  = I(K2).  S imi la r ly  it i s  easy t o  see t h a t  i f  n .  i s  any sequence 
3 
of in tegers  such t h a t  n .  4 m 2s j --f m then  
J  
s d ,  i n  p a r t i c u l a r ,  f o r  nl = n(K) 
where C1 denotes closure.  Then y  E L (H) mems t h e r e  e x i ? t  sequences n. 
n. 
and y .  E 3 such t h a t  ni -+ m and T 4 y a s  i -,.pa Thus wheu H 
i s  a s ing le  point  x  t h i s  i s  t h e  usual  l i m i t  s e t  L(x!. Now j u s t  a s  f o r  
Lama 2.1 we obtain 
m 
Lemma 3.1. I f  f o r  some j s u f f i c i e n t l y  l a rge  U T"(H) i s  precompact, 
n= j 
then t h e  l i m i t  s e t  L(H) i s  nonempty, compact, and invar ian t .  
Thoerem 3.1. Assume t h a t  T  i s  d i s s i p a t i v e .  Then I = L(K) and hence 
I i s  nonempty, compact, i n ~ r a r i a n t  and i s  t h e  maximum invar ian t  s e t  i n  X. 
Proof: Clearly I C L(K). To prove t h e  converse consider any y  c l,(K). 
-
Then t h e r e  i s  a  sequence of i n t e g e r s  n. and a  sequence xi E K such 
n.  
t h a t  T  '(xi) -'y a s  i -, m. For any p o s i t i v e  i n t e g e r  j we know t h a t  
Tn-j(yn) E K f o r  a l l  n  s u f f i c i e n t l y  l a rge  (Theorem 2.1). Therefore f o r  
. ni-J 
t h e  sequence xi we may assume t h a t  y? = T (xi) -) yJ E K a s  i - l m  
f o r  any pos i t ive  in teger  j. But c l e a r l y  then ~ ' ( ~ j )  = y aqd t h i s  implies  
Y E I. Hence I = L(K) and by Lemma 3.1 I i s  nonempty, compact and invar i -  
ant. If M i s  any compact invar ian t  s e t ,  then it follows i m e d l a t e l y  from 
Theorem 2.1 t h a t  M i s  i n  I. This completes t h e  proof. 
It i s  Iui ,erest ing t o  r e l a t e  I t o  t h e  motion K, T(K) ,..., T n ( ~ )  ,..- a 
Given a  s e t  H 3.h I( we define L(H), ca l l ed  t h e  i i m i t  s e t  of t h e  motion 
throu& HH, by 
We t . r r ~ i l l  %hi l t  n :ct 14 i s  a global Rttl-~lcLo~ -1 ~ " ( x )  -+M a s  
- -- 
n -+ m for  each x E XI S l n ~ e  each motion ~ " ( x )  i s  ~ P C L O ~ ~ E ~ C ~  (Theorma 2.1) 
and ~ t s  l l m i t  s e t  L ( x )  i s  nOnt3mpty, conlpact and invalli.:'t iLcmina 2.11, it 
follows from the  above theorem t h a t  L(x) i s  i n  I i"or cilcn x E X. Hence 
I i s  a global  a t t rac tor .  For 6 > 0 l e t  M~ denote t h e  &-neighborhood 
of  M ( M ~  = jy; / /y-x[ l  < 6 f o r  same x c M)). A s e t  M i s  said t o  be 
s t a b l e  i f  given E: > 0 there  i s  a 6 > 0 such t n a t  x E &:6 implies t h a t  
 xi 6 &! f o r  all. n 5 0. If t h e  set M i s  both s tab le  end a global 
a t t r a c t o r  it i s  said t o  be globally asymj?totically stable. By an argument 
sim3lar t o  t h a t  used by LaSzI3.e t o  prove Theorem 3 i n  [lj] we obtain 
Theorem 3 - 2 .  I: T i s  d i ss jpa t ive ,  then t h e  s e t  I i s  globally asymptoti- - 
- 
tally stable.  
Froof: We pointed out a b o ~ e  t h a t  I i s  a global  a t t r a c t o r  and we need only 
.- 
show t h a t  I i s  s table,  
Let us observe f i r s t  how T being d iss ipa t ive  enters  t h e  proof. 
Suppose t h a t  y. - y  E i and r e l a t i v e  t o  t h i s  sequence define 3 
n.  
y = ( 7 ;  T 3(yJ -b z a s  J + a  for  same sequence nj, z no t  i n  I). 
n .  
I n  the  remaindc~ of the  proof T J (  yJ) -' z a s  j + m, z # I. Since I 
is  compact, given z E r, tnere  i s  an E > 0 and an e-neighborhood fE of 
I such t h a t  (1) z I s  not i n  t h e  &-neighborhood f of 3 and (2)  
IE . . 
1s In  the opcn neighborhood OI of Tneorem 2.1. 
Since T i s  continuous nl~A I is irlvuriant, t h ? : ~  givrn t iny iiltegcr k we 
know t h a t  T " ( ~  1 6 1' for  0 .5 n S k and a l l  j suf f ic ien t ly  large. This J 
implies t h a t  n .  -r m a s  j -s m. Note by Theorci~l 2.1 t h a t  t h i s  elsot imr l ies  
J n .  l a ree  
t h a t  each such sequence T J (y . )  i s  i n  X f o r  j suf f ic ien t ly  and there-  J 11 
f o r e  y C  K. Using t h e  standnrd diagonalization procedure, it i s  easy t o  see 
t h a t  -f i s  closed and hence T i s  compact. We w i l l  now show t h a t  y i s  in -  
n .-1 
variant .  Clearly T(y) C y. Given z c t h e  sequence T (yj)  i s  pre- 
compact: I f  m i s  a l i m i t  point  of t h i s  sequence, then T(w) = z and o, E y. 
Hence y C T( y), arid r is  ccmpact ~ n d  invariant .  Therefore by Theorem 3.1 
t h e  s e t  y must be empty s ince  y is  not i n  I. 
W e  now use t h i s  t o  show t h a t  I i s  stable,  Assume t h z t  I i s  
no t  stable. Then t h e r e  e x i s t s  for  some E > 0, which we can lrake as small 
a s  we please, sequences n .  and y j  such t h a t  y .  -r I a s  j + m, T ~ ( ~  .) e 
n .+lJ J J 
I', 0 I n L n .  J' and T .I (y j )  i s  not  i n  I!. Since I is compact, we may 
assume t h a t  y .  J + y E I a s  j 4 %  Otherwise, we know t h a t  there  irre z. J E T 
such t h a t  IlY.-z .]I + 0 a s  j + me Then we could se lec t  a subsequerice z 
J J m. 
with l i m i t  y, and c l e a r l y  ym. + y a s  j 4 m .  As before we know t h a t  
3 
T E ~ ( y  .) i s  precompact and we may assume by again se lec t ing  a subsequence 
3 n .  
i f  necessary t h a t  T J ( y  .) + z a s  j +a. Since T(z) i s  not  i n  I! , it 
J - 
i s  not i n  I, and therefore  z i s  not i n  I. But then z 6 r, and t h i s  con- 
t r a d i c t i o n  completes t h e  proof, 
Wc ex:in~ine b r i ( , f l y  hov Sec t ions  2 and 7 can be  appl ied t o  r e t a rded  
f u n c t i o n a l  d j f f ' c~~ i .n i . i n l  cqiiatioils. Lct  R~ hc  c. r e a l  n-dinlensional vec to r  
norm 
space ~ t h / \  - 1 .  Given > 0 C = C ( [ - , O ] , ~  w i l l  denote  t h e  space o f  
cont inuous  func t ions  p mopping 1-r ,0]  i n t o  Rn with  llr$ll = 
sup(q(8) ;  -r B 8 S 01. Le t  f be  a  cont inuous  func t ion  t a k i n g  R x C 
i n t o  R ~ .  A r e t a rded  f u n c t i o n a l  d i f f e r e n t i a l  equat ion i s  a  system o f  t h e  
form 
where 2 i s  t h e  d e r i v a t i v e  o f  x  and xt E C i s  def ined by x ( 0 )  = 
t 
x( t+a ) ,  -r s a 5 0,  A func t ion  x  mapping [ to-r , tO+a)  i n t o  R~ i s  s a i d  
t o  b e  a  s o l u t i o n  of (b.1) on [ tO , tO+a)  wi th  i n i t i a l  va lue  v E C a t  t 
0 
i f  x 5a.i a coni inuous  d e r i v a t i v e  on [ tO, tO+a)  s a t i s f y i n g  (4.1) ancl 
x = q .  
A b r i e f  survey of t h e  h i s t o r y  o f  f u n c t i o n a l  d i f f e r e n t i a l  equa t ions  
i s  given i n  [14].  Tor gene ra l  theorems on ex i s t ence ,  uniqueness, con t inua t ion  
and c o n t i n u i t y  s s e  [ I ] ,  [ b ] ,  1121 o r  [15].  These theorems a r e  q u i t e  s i m i l a r  
t o  t h o s e  f o r  o rd jna ry  d i f f e r e n t i a l  equat ions ,  and he make t h e  g e n e r a l  assump- 
t i o n  t h a t  f s o l f s f i e s ,  i n  a d d i t i o n  t o  t h e  cont inuLty cond i t i on  above, condi- 
t i o n s  s u f f i c i e r t t  to i n s u r e  uniqileness of s o l u t i o n s  t o  t h e  r i g h t ,  We s h a l l  a l s o  
a s s ~ m e  t h e t  t l l c  r 2 l u t i o n  x ( t , t O , p )  of (k.1) s z t i s f y i n g  x ( t O , q )  = tp i s  
def ined f o r  a l l  t. p to. This  w i l l  be  i n p l i e d  by d i s s i p a t i v e n e s s .  Then 
u( t0 ,9 , . i )  = X t g b i ( t O ~ m )  i s ,  a s  descr ibed i n  Sec t ion  2, a  process  on t h e  
( li 
Bannci~ sprice C. Wc sl1111.l aosiuile u l s ~ / , ~ ( t , g l )  i s  pc r iod ic  i n  t wi th  
pe r iod  w > 0 a n d ( 2 j  maps boundcd s e t s  o f  R X C i n t o  zn. I f  x ( t )  i s  A 
any s o l u t i o n  of (11.1), we sce  t h a t  I x ( t ) l  < b f o r  t E [ tO , tO+T)  imp l i e s  
Ilktll < d f o r  t E [ t O t r  t tT) .  Thus corresponding t o  each bounded s e t  B 
' 0 
i n  C t h e r e  i s  a  compact s e t  B* i n  C such t h a t  xt 6 B f o r  t E [ t  t +?') 0' 0 
imp l i e s  xt c B* f o r  t €[to+' t tT) .  Th i s  smoothing o f  t h e  i n i t i a l  d a t a  
' 0 
was exp lo i t ed  by Iiale i n  [ l ]  a l though he d id  n o t  use  and d id  not  need a  
smoothing p rope r ty  a s  s t r o n g  a s  t h i s  one. Def in ing  T((c) = xt +cu(tO,rp) 
0  
f o r  any f ixed  to, we see  t h a t  T smooths i n  t h e  sense  o f  D e f i n i t i o n  2.1 
wi th  no t h e  l e a s t  i n t e g e r  such t h a t  n  w > r, We see  a l s o  t h a t  T w i l l  b e  0 
d i s s i p a t i v e  i f  t h e r e  i s  a  number b  such t h a t  g iven cp E C t h e r e  i s  a  t = 1 
tl(qltO) wi th  t h e  p rope r ty  t h a t  Ix ( t , t o ,q ) [  < b f o r  a l l  tl Z t 5 .t i n  m. 1 0  
J u s t  a s  with o rd ina ry  d i f f e r e n t i a l  equa t ions  one can g ive  i n  terms 
of a  Liapunov f u n c t i o n  neces sa ry  and s u f f i c i e n t  cond i t i ons  t h a t  t h e r e  e x i s t  
a  b  such t h a t  g iven 9  E C t h e r e  i s  a  tl = t l(v t ) wi th  t h e  p rope r ty  
' 0 
t h a t  I x ( t , t o ,p )  1 < b f o r  a l l  t r tl ( s e e  [ l o ] ) .  Here we conf ine  our- 
s e l v e s  t o  s t a t i n g  two s u f f i c i e n t  condi t ions .  These cond i t i ons  and t h e  proofs  
t h a t  t h e y  a r e  s u f f i c i e n t  a r e  s i m i l a r  t o  t h e  cond i t i ons  and proofs  
f o r  uniform asym2tot ic  s t a b i l i t y  given i n  [ l 6 ]  (Theorems 11.1 and 11.2).  
Let V be  a  cont inuous  mapping o f  R X C i n t o  R ~ .  Define r e l a -  
t i v e  t o  s o l u t i o n s  x(t,tO,cp) of (4.11 
The function t s a t i s f i e s  t h e  same ccndit ions a s  before and t h e  mapping T 
is  defined above, 
I f  
-
(1) ujrp(0)) 5 V(t,?) S v(lllp11) where u and v are continuous and 
U(S) -+ rn a s  s -+ m. 
(2) ;(t,rp? < -C f o r  a11 t Ilp(0)I > b, then T 2 diss ipa t ive .  
If V(t,xl i s  a continuous mapping of R x R~ i n t o  Rn, then ; ( t ,x ( t ) )  
( x ( t )  c o ~ t i n u o u s  on [ t - r , t ] )  i s  defined by ~ ( t , x ( t ) )  = W(t,xt), where 
h'(t,p) = Y(~,F(o) ) .  Another usefu l  s u f f i c i e n t  condition i n  terms of V(t,x) 
( a )  u(1 x[ ) d V(t,x) S v(l x[ ), where u v are continuous and 
U(S) -+- a s  s -+me 
-
(b)  G( t ,x ( t ) )  5 -E < 0 f o r  a l l  t > 0 and a l l  x ( t )  s a t i s f y i n g  
l x ( t ) l  > b  5% 
where g(s) continuous, nondecreasing g( s )  > s for s > a > 0, 
then T i s  d i s - ips t ive .  
We i l l u s t r a t e  the% r e s u l t s  by simple one-dimensional exmpies ( see  [16] 
where a l l  the  *.wnpies on uniform asym2totic s tab le  varied s l i g h t l y  give examples 
of d i ss ipa t ive  l u n c t ~ o n a l  d i f f e r e n t i a l  equattons). 
Example 1. Co:lsidcr t t ~ t -  n~lc-dFniolsionu1 l inear  system 
where r >O, a > 0 ,  b ( t )  and e ( t \  a r e  continuous and periodic o f  p2riod 
o. Let B be t h e  cunplitude of b ( t  ) ( t h e  maxi~um value of I b ( t ) \  ) and 
1 2  l e t  E be t h e  amplitude of e ( t ) .  With ~ ( 9 )  = lp (01 + pi",? (@)d@ 
then f o r  any solut ion xt 
The f i r s t  th ree  t e r m  a r e  a quadratic form and jre see t h a t  
b2( t )  i f 2  2 2 if 4(1-a-w\p > --;r , 0 5 p < 1, or, t ak ing  2p = 1-a, b ( t )  < (].-a) a , 
a /"I 
0 < cf B 1. Thus with B < ha. 
E i(xt) 5 - x 2 ( t ~ ( l - x  - a x t  )L 0 5 I, < 1. 
E 
Hence, i f  Ix ( t ) l  > B >- , +(xt) 5 -E < 0. Clearly (1)  and (2)  above 
a r e  s a t i s f i e d  and t h e  system i s  d i ss ipa t ive .  I n  f a c t ,  since t h e  system i s  
l inear ,  it i s  extremely s tab le  (Section 31 and has a unique period1.c solut ion 
of period o t h a t  i s  globally asymptotically s tab le  ( a  steady s t a t e  solut ion).  
A more dcta~lr.21 t i n i l y s i -  slloiik, i f  I3 < ha, 0 h i 1, thnt  the  atnpiltudr of the  ' 
p e r l o d ~ c  solul.lo:~ i s  not greater  than f i  G. This sugjiests it can 1 - X  a 
be expected t h a t  the  amplitude niay increase a s  a decreases, a s  B increases, 
o r  a s  t h e  delay llicrcuses. As r - 0  t h e  r e s u l t  i s  the  best  possible. 
Exanple 2. Consider t h e  one-dimensional system 
where f ,  y, and e a re  continuous md f(tia,x,x) = f ( t ,x j ,  fit-) = r ( t )  
and e(t+wI = e ( t \  fo r  a l l  t and x. We assume moreover t h a t  f has 
a continuous p a r t i a l  derivat ive f - af such t h a t  I f 2 ( t , x )  1 < L f o r  a l l  
2 -x 
t and a l l  x. E ~ ~ u a t i o n  (4.2) i s  then equivalent t o  
G ( r ( t i \  5 Z(t)[I@*LF + ( l + q i ~  + I$-# I 
Hence, i f  f o r  a l l  t and a l l  I xl > P 
- + 2L S -a < 0, 
then ( a )  and ( b )  above a re  s a t i s f i e d  with g(s1 = qs, q > 1, and the  
system (4.2)is dissipat ive.  I f  f ( t J O )  < 0, then a similar  argument shows t h a t  
it i s  d i ss ipa t ive  i f  
f W  
- + L r f t ) S - a < O  
for a l l  t and a l l  I x[ > P. For t h e  l i n e a r  system (a(t+co) = a ( t \ )  
2 where t-r < e(t\ < t. Define 2V(xl = x . Then for  any solut ion x ( t \  
For those solut ions sa t i s fy ing  
I f  0 C a < a ( t ) ,  then the  same argument shows t h a t  t h e  system i s  dissipa-  
t i v e  and therefore extremely stable.  Here one can eas i ly  see t h a t  the  ampli- 
tude of the  periodic solut ion i s  not greater  than ~ / a .  I n  t h i s  general i ty 
t h e  bound on t h e  amplitude i s  t h e  best  possible ( take  a ( t \  = A, e ( t \  = E 
and f i t )  = O  for  a l l  t ) .  
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